TRANSFORMATION MODELS* 


The first two volumes of Capital are based on the law of value according 


to which commodities are exchanged on the basis of the labor-time they 


embody.” Therefore, the value structure of sector-i can be written as 


(0) Mi — Cı*Vı$Sı—C*Vi(1 *si), where C; denotes constant capital, Vi 
variable capital, Sı surplus value, sı rate of surplus value and ll; 


value of sector-i. 
In addition, the rate of profit is defined as 


(2) nzS/(Cı*-Vi)si(1-gi), where gı denotes the organic composition 
of capital in sector-i and is defined as 
(3) gizCi/(Cı-Vi). 


Marx argues that in a capitalist economy there will be 


(a) a tendency towards the egualization of the rate of surplus 
value (due to labor mobility), i.e., 
(4) sızs;forall i's and j's. 
(b) a tendency towards the egualization of sectoral rates of profit 
(due to competition among capitalists and made possible by 
mobility of capital), i.e., 


(5) rnzrforall i'sand j's. 


For both tendencies to be effective, a uniform g must prevail all over the 
economy, İ.€., 


(6) gızg;forall i's and j's. 


However, one can know from simple observation that in general (6) does 


not hold in a capitalist economy. But, when 


” This paper partly based on my PhD dissertation was prepared for an 
undergraduate course on history of economic thought I was giving at the 
Department of Economics, Middle East Technical University, in early 1980's. 

The term “embodied labor time” means not the “historical cost of a commodity, 
but rather its current cost of reproduction in labor-time. 


(7) gı#gı, for at least some i's and j's, 


either (4) or (5) can hold true but not both. Thus, the conclusion that in 
an economy where a uniform rate of surplus value prevails and where 
sectoral organic composition of capital is differentiated, rates of profit 
cannot be egualized if the law of values is in effect. Another alternative is 
that, if under the postulated conditions there is also a uniform rate of 


profit, commodities cannot be exchanged at the labor values. 


At various places in Capital, vol. I (p. 163, 212) Marx points out that the 
second case is the correct one. However, throughout the first two volumes 
he ignores this problem by assuming a uniform organic composition of 
capital, and postpones its solution to the third volume. In other words, 
according to Marx, in a capitalist economy (4), (5) and (7) will hold and 


commodities will be exchanged at prices deviating from values. 


Marx's solution to the problem was first given in a letter he wrote to 
Engels in 1862 and later in the third volume of Capital. For that purpose, 
he utilizes the concept of the price of production which is defined as cost 
price x (1-egualized profit rate), where cost price is composed of constant 
and variable capital. 


For a two-sector economy value and price systems can be written as 


follows: 


(8) Value system 


C1*(1-4Ss)Vı—111 
C>*(1-4Ss)V>>1T12 


(9) Price of production system 


(Cı-Vı)(1 #0) —Pı 
(C2*V2)(1 #1) —P> 


For the price of production system, the egualized rate of profit is defined 
as 


(10) R—S/(C*V), where C—C,*C>, VXV1*V> and S—S1*S5. 


It is obvious that Marx starts the transformation (of values into prices of 


production) procedure by the eguality 


(11) R-S, where R denotes total profits. It follows that 
(12) Mı-Ml>—Pı*P>. 


In other words, in Marx's procedure total profits egual total surplus value 
(11) and total prices of production eguals total values (12)2. Egualities 


(11) and (12) were called “invariance postulates” by Blaug (1968). 
On the basis of this procedure Marx reaches two important conclusions: 


(a) The direction (sign) of price-value differential in a particular 
sector will be determined by the relation between the average 
organic composition of capital and that of the sector in guestion, 
and 

(b) The transformation of values into prices of production involves a 
redistribution of surplus value among the sectors. Hence the 
surplus value appropriated by the capitalists in a particular sector 
will differ from surplus value created in that sector, as long as 


the organic composition of that sector differs from the average. 


It was argued that Marx's transformation procedure involves certain 


errors. 


(0) Marx computes inputs in terms of values and outputs in terms of 
prices of production. It was argued that this would result in 
incorrect prices and rate of profit, and the real wage would be 
different in the value and price systems. According to Bortkiewicz 
(1907), this would disturb inter-sectoral flows and the conditions 
of inter-sectoral eguilibrium would be disrupted. 

(ii) By using values to compute the rate of profit, Marx defines this 


concept which belongs to the world of prices (appearances) in 


2 In all of the foregoing Tl; and P;, were treated as totals rather than unit values 
and prices. 


terms of the variables of the value system (substance) and this 


is not legitimate. 


Marx was aware of this situation. However, he deemed it unnecessary to 
dwell more upon the subject, since he was interested in the sign of the 
deviation of prices from values while the said imperfections in his 


procedure were related to the magnitude of deviations. 
Furthermore, it may be argued that 


(a) Marx's numerical examples upon which this so-called 
transformation procedure is based do not involve inter-sectoral 
relations. 

(b) As Wintemitz (1948) points out, Marx's method is logically 
consistent if it is interpreted as a dynamic process (but not in 
accord with capitalist reality). Such an approach to the 
transformation which views it as a dynamic process was further 
developed by Shaikh (1973) and Morishima (1974). Both of these 
authors argue that Marx's solution can be regarded as the first 
step in an iterative process which transforms values into prices of 
production. 

(C) Again Wintemitz (1948) points out that the passage from one 
valuation scheme to another (from values to prices) would 
necessarily involve a disruption of inter-sectoral eguilibrium. 
Thus, this is not a shortcoming of Marx's method as was alleged 
by Bortkiewicz (1907). 


All these aside, a static transformation model should obviously evaluate 
both inputs and outputs in terms of the same valuation scheme. One such 


model was put forward by Bortkiewicz (1907) in the form of a three-sector 


simple reproduction model which can be formalized as follows: 


(13) Value system 
Cı4*-V11*Sız5 Ci 


C34*V31*S52—5 Vi 
C34V34*S53255S; 


Where Ci, Vi and Sı have the same meanings as on page 1 and where the 
first sector produces capital (producer) goods, the second wage goods and 
the third luxury goods. The fact that all surplus value is spent of luxury 


goods as a result of the assumption of simple reproduction. 
Marx's transformation eguations for this case can be written as: 


(14) Price system 
Cı*Vı*r(Cı*-V1)> Pı>Cı 


C>*V2*r1(C>*V32) —P>5 Vi 
C3*V3*1((C3-*-V3) —P-5 Sı 


And the so-called invariance postulates as: 


3 3 
(15) >r(Cı*Vi)—>Si 
izi izi 
(16) XCı4*$Vi$5Si-Pı'$GkP> $VikP3 SS; 


On the other hand, Bortkiewicz's transformation model is as follows: 


(17) Price system 


(141)X(CıPı4ViP>)zPı > Gi 
(141r)X(C2P14*V2P3)zP2 XV; 
(1410)(C3Pı4-V3P3)—P3 >Si; 


where r denotes the egualized rate of profit. Both P;'s in (14) and P; “sin 


(17) above are coefficients which convert values to prices of production. 


Eguations in (17) will give us the rate of profit, r, and two relative prices. 
In order to find absolute prices another eguation must be added to (17). 
Bortkiewicz argues that if both values and prices are to be measured in 
same units (money commodity), one has to determine in which sector this 
commodity is produced and has to set its price egual to one. He takesitto 


be the third one and thus writes the eguation 
(18) P3'—1. 
Solution of (17) together with (18) will give us rand P; ”s. Eguation (18) 


together with the assumption of simple reproduction implies that total 


profits egual total surplus value. However, total prices will deviate from 


total values unless the organic composition of capital in sector-3 happens 
to be egual to the average. Hence the two invariance postulates will 
ordinarily not hold together if the economy does not have a particular 


structure, 


Moreover, both the sign and the magnitude of price-value differentials will 
depend on the technical conditions in the third sector in which the money 
commodity is produced. Therefore, Marx's conclusion concerning the 
relation between price-value differentials and the organic composition 
differences will hold only for relative price-relative value differentials. 
However, his conclusion concerning the redistribution of surplus value asa 
result of transformation continues to hold true, and this is the more 


important of his two conclusions. 


Bortkiewicz also reaches the conclusion that the rate of profit is 
determined by production conditions in the first two sectors whose 
products enter (directiy or indirectiy) into the consumption basket of 
laborers. This he takestobea proof of that profit is nothing buta 


deduction from the value created by laborers. 
Bortkiewicz's model was criticized on the following grounds: 


(0) It complicates the problem by using unnecessarily restrictive 
assumptions, i.e. simple reproduction, for one. 

(b) Samuelson (1970) alleges that by the use of variables P;” 
Bortkiewicz conceals the fact that prices can be derived directiy 
from physical production coefficients without making use of labor 
values. For instance, 

Cızphysical units x value 

P; —price/value 

CiPi —(price/value) x physical units x value 
CiPi'—price x physical units 


A more general solution to the transformation problem is formulated in 


Winternitz (1948). His model is more general than Bortkiewicz's in that he 


does not assume simple reproduction. Moreover, his solution of the model 


is mathematically more elegant. 
(19) CıPı *ViP> #RızAPı <(1410)(CıPı *ViP> ) 
C3Pı *V>P> #R2zAzP> —(141r)(C>Pı #V>P>) 
C3Pı *V3P2 #R3zAzP3 —(141r)(C3Pı #V3P>) 


> > > 


where SCı-Aş, SVi-Az, XSi-A3 
< < S 

and >Cı*->Vi*-Sı—>A;. 
By using the definition of the rate of profit, one can write 

(20) ArPı /(CıPı *ViP> )-AzP> /(C>Pı *V>P> ) 

—(14r) 

Thus (19) will give us r and two relative prices in terms of, say, Pı . In 
order to calculate absolute prices Winternitz adds the following eguation: 

(21) SA,->AşPı, 


which is nothing but the postulate that total values egual total prices. 


While Winternitz's model is simpler, it is still very restrictive since it 
assumes that the use of a product is determined by its origin. In other 
words, every product can only be utilized in a specific way. However, May 
(1948) argued that Winternitz's model can very easily be extended into an 
n-sector model. Such an n-sector transformation model was first put 
forward by Seton (1957). 


First a few definitions: 


ki; othe amount of the j-th sector's product which is used in the i-th 
sector both as input (“machine feeding”) and as consumption 
good by the workers (“labor feeding”) in that sector; kı; İs 


measured in labor values. 


The sectoral distribution of the j-th sector's product can be shown as 


n 
(22) > Kij-eyjzaş, 
ii 


where e; shows the capitalists”" consumption of the j-th product and a; the 
total output of the j-th sector. e; denotes not only consumption but also 
accumulation (amount of j-th product used as investment good) if there is 


extended reproduction. 
The cost structure of the i-th sector is written as 
n 
(23) > ki;tSızaij 
ii 
where Si denotes the surplus value created in sector-i. 
The price system is 
(24) Kp-gA'p 


where K>|kul; A' isa diagonal matrix whose elements are a(/'s; pisa 
column vector of unit prices, pı. Seton defines g—(1--r) as cost ratio, andr 


is defined as r—Ryj/ajpı. 
Obviousliy, any p which will egualize r will also egualize g and vice versa. 
If one makes the following definitions 
ay—kı/aı and Azlaşl, 
one can write 


(25) Ap-gip 
(26) (A-gI)p—0. 


For (26) to have a non-trivial solution so that p#0, the following eguality 


must hold: 


(27) |A-gI|—0.? 


* The egualized cost ratio of g turns out to be the Perron-Frobenius root of the 
augmented technology matrix A. 


(27) implies that the vectors in (26) are linearly dependent. Thus when 25 


lor (26) is solved together with (27), we will get n-1 relative prices and 


the g (alsor). Seton argues that the condition of egual profitability will get 


us this far. In order to find absolute prices one can adopt any of the 


invariance postulates. 


Samuelson (1970) introduced a new transformation model. Here we have 


n sectors and one type of homogenous labor-power where 


A0j 


one 
do 


ij 


S 


TI 


the amount of direct labor input reguired for the production of 


unit of good-i; 
row vector of direct labor reguirements (1xn); 


amount of the i-th good reguired for the production of one unit 


of good-i; 


sguare Leontief (input-output) matrix showing the 


intermediate goods reguirements (nxn); 


the amount of good-i which is needed for production and 


reproduction of one unit of labor; 


the column vector of minimum subsistence goods needed as 


real wage; 
wage rate (a scalar); 
rate of surplus value; 


the row vector of unit labor values (1xn). 


The value system can be written as 


(28) TI—wao*TTA-swao—WaolI-AJ (14-5) 
(29) Iim—w 


(28) and (29) will give us n-i relative values together with s and w. 


If p isthe row vector of prices (1xn), the price system can be written as 


(30) pz—(Wao*-pAJ(1-4n)—wao(1-4-n)(1-A(14*n)1-1 
(31) pmzw. 


Here (30) and (31) will give us n-i relative prices together with w andır. 
However, if wage rate in the price system is taken to be egual to that of 
the value system, in other words if it remains invariant, and is given, then 


(30) and (31) will give us absolute prices. 


According to Samuelson, the transformation algorithm is nothing but a 
process of “erase and replace,” since when physical input coefficients are 
given, it is possible to find prices independentiy of values. Thus, he argues 
that the labor theory of value is nothing but an “unnecessary detour” 
since prices are in no sense determined by labor values (Samuelson, 
1971, 1974). 


Moreover, he rightly points out that the solution of the price system 
“involves an n-th degree polynomial for the appropriate positive root r*, 
whereas” the solution of the value system “involves solving only a linear 
eguation for s* (Samuelson, 1970, p. 423). Later he advanced the 
argument that Marx started with the value system since its solution is 


easier (Samuelson, 1971,p. 418). 


Morishima (1974) interprets the transformation as a dynamic process 


which transforms the values of the simple commodity production into the 
prices of capitalist mode of production. He argues that this is an iterative 
process which can be started with values as Marx did. If ye is the long-run 
balanced growth output vector and if TI denotes the vector of values, and 


pe the eguilibrium price vector, then when the production realized is ye, 


(32) Tiyezpeye (total valueztotal price) 
(33) RyezSeye (total profit—total surplus value) 


Where R is the vector of profits per unit of output and S. the vector of 


surplus value per unit of output. 


According to Morishima this iterative process is convergent, i.e., starting 
with values one will end up with the “true” and “correct” prices of 
production. Therefore, Marx's transformation procedure constitutes the 


first step in the right direction. Morishima reaches the conclusion that 
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Marx did not have the proper mathematical tools to deal with such a 
complicated problem. As a matter of fact, he points out that some of these 
tools were yet to be discovered and that it is surprising that Marx came so 


near to Solving İt. 


In Akyüz (1976, 1977), there is a two-sector economy where the first one 


produces the means of production and the second the consumption goods, 


unit production functions can be written as follows: 


(34) a1 ko01 A1 
a>5A11 02215 


where a; shows the amount of the means of production used up in the 
production of one unit of good-i; o; the amount of labor-time reguired for 
the production of one unit of good-i; and )j the labor value of the i-th 
good. If X denotes the physical output of the first sector and Y that of the 


second sector, total production eguations can be written as follows: 


(35) Xa111*Xa1X11—Oş 
Yazdı *Yaz—Y)A>52O> 


where Oj is the total value produced in sector-i. 


Then constant and variable capital in sector-i (C; and V; respectively) are 


given by the following eguations: 


(36) CızXajh1 C>—Ya5h1 
(37) V1ZzXo01WsA5 V>3—YazWsA5 


Where ws shows the amount of consumption good which is reguired for 


reproduction of one unit labor-time (value of labor-power, i.e., real wage). 
The surplus value is defined as 


(38) Sı—Xoı-VızXou( İ-WsA>) 
S>—Yaz-V22Xa>( İ-WsAz) 


and the rate of surplus value, s, as 


(39) S—Si/ViX(1-W12)/(WA2). 
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Then we can rewrite (35) in the form 
(40) Cı*V1(1-45)—O, 
C>*V>2(1-45)—O>. 


Akyüz argues that in order to be comparable, both the values and the 
prices must be measured in the same units: the value of a commodity is 
measured by the amount of labor-time embodied in it and its price by the 
amount of labor-time it can purchase. Let us assume that pi” shows the 
price of commodity-i in money terms; w” the wage rate in money terms. 
Then, 


(41) pızpı”/w”, 


where Pi denotes the price of commodity-i in terms of labor-time which 


one unit of that commodity can purchase. 
Thus, the price eguivalent of (34) can be written as follows: 


(42) In money terms 
(aıpı”tkaw")(1 1) zpı” 
(azpı"kozw”")(14-r)>p2” 


and after dividing through by w"”, 
(43) In terms of labor-time 


(21pıtaı)(1-4-r)—pı 
(22p1*t02)(1-4-r)—p>. 


Since the real wage, W.-W"/p>”, it follows that 
(44) p>z1/W5. 


This simply means that the wage in (42) is egual to one. Obviousiy (44) 


fixes the unit of measurement for (43). 


Given the physical input coefficients and the real wage, (34) and (39) will 
give US )j's and the rate of surplus value, s; and (43) together with (44) 


will give US pı's and the rate of profit, r. A comparison of the value and the 
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price systems shows that while the values are determined independentiy 


of income distribution, the prices are not. 


Moreover, Akyüz points out that the solution of the price system is 
independent of the values. However, when the rate of surplus value is 
given rather than the real wage, the solution of the price system will 
reguire prior solution of the value system. Also, by definition pı>)i which 
implies that Marx's conclusion concerning price-value differentials does 
not hold. However, this is not important since the more significant and 
important of the conclusions summarized on page 3 is the second one and 


it remains valid whichever transformation algorithm we happen to use.” 


Tüzün (1971) argues that in general the transformation models involve 


the production of all commodities, except one, namely the labor-power. 
Where this is not so, it is generally assumed that there is only one kind of 
labor (as Samuelson and Akyüz do). However, it is possible to formulate a 
general model in which there are n goods and m kinds of labor-power. 
Before getting into the details of such a model, let us first make some 


definitions: 


dij the amount of the ;'th good reguired for the production 


of one unit of good-j 


Azla;l O the sguare Leontief matrix showing the intermediate 


goods reguirements (nxn) 


bij the amount of the i-th kind of labor-power reguired for 


the production of good-j 
B—| bil) mxn matrix showing the labor-input reguirements 


Mi the amount of the i'th good which is reguired for the 


reproduction of one unit of labor-power type-j 


* Akyüz's eguations (43) and (44) can be seen as a special case of Samuelson's 
eguations (30) and (31), since the former assumes only two sectors and one 
wage good. However, it must be remembered that they measure prices in 
different units. 
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M—|mygl) nxm matrix showing the commodity input reguirements 


for the reproduction of different kinds of labor-power 


ww) the row vector of wages (values) of m kinds of labor- 


power (1xm) 
TI) the row vector of unit labor values (1xn) 
Ss the rate of surplus value 
The value system can be written as 


(45) Tn—wB*MA*-swB—(14s)wBJI-AJ 
(46) TM—w 


(45) and (46) constitute the generalized versions of (28) and (29) of 


Samuelson. The value system of (45) and (46) will give us n*-m-i values 


and wages (relative) and the rate of surplus value. In order to find 
absolute values and wages (in terms of labor-time), let us assume that 
the first kind of labor-power is simple labor-power and measure values 


and wages in units of this type of labor. Then we can write 
(47) wı(145)21 

which can be rewritten as 
(48) s-(1-W1)/W1<(1-11mi1Mllmi1. 


Obviousiy (48) does also gives us the definition of the rate of surplus 


value. 


The system of eguations (45), (46) and (48), when solved, will give us 


11;'s, W;'s and the rate of surplus value, s. 
Let us substitute (45) into (46) 
(49) nM—(14s)wBJ1I-AJTİM. 
If we first multiply and then divide both sides by wı, and use (48), 


(50) nMwı—w1(14S)wBJI-AJİM 
(51) nM—(w/w1)B(I-AJİM 
(52) 4TI-(Ww/w1)B(I-ATİYM—O, which implies 
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(53) T—(W/w1)BJ1-AT 


The eguation (53) means that values measured in terms of simple labor- 
time are egual to embodied labor-time, since (Ww/w1)BJI-AJ shows total 
labor reguirements, both direct and indirect. Here Ww/w, İsa row vector 
whose elements are W;/W1's which are nothing but the coefficients used to 
convert the j-th kind of labor-power to simple labor-power. Thus, the 


standard of value is the simple labor-time. 

If p is the row vector of prices (1xn), the price system can be written as 
(54) px(©B4PA)*(14r)-oB(141n)(1-(14n)AJ 
(55) pMzo, 

o being the row vector of money wages. 


The solution of (54) and (55) will give us n*m-1 p;'s and oj;'s and the rate 
of profit, r. In order to find absolute prices and wages, we can, following 
Akyüz, write 

(56) oız1zpMj, 
which is eguivalent to (44). 
Or we can, following Samuelson (1970), write 

(57) wızo, which implies 

(58) IIMızpMi. 
The relation between TI and p will depend on which of the eguations (56) 
and (57) we adopt to find absolute prices. If (56) is adopted, then p;>11j;, 
for all j's, given s>0. If s—0, then wi—ow;—i1i; thus pz1I. If, on the other 


hand, (57) is adopted, pzli as long as sectors have different capital 


structures. As a result, p;>Il; for some j's and p;<l1l; for some j's. 


This brings us to the matter of invariance postulates. The eguality of total 


values to total prices of production can be written as 


(59) Mazpa, 
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where a isa column vector (nxi) whose elements, aj, are the output level 


of each sector. 


The eguality of total surplus value to total profits, on the other hand, can 


be written as 
(60) TI(a-Aa-Mb)—p(a-Aa-Mb) 


where b is a column vector (mx1) whose elements, bi, are the amounts of 
different kinds of labor-power used for the production of a. Then, in 
Seton's terminology, Aa shows “machine feeding” and Mb “labor feeding”. 


Thus (a-Aa-Mb) is the surplus product vector. If we set 
(61) c-Aa-Mb, c beinga nxi column vector, 

(60) can be rewritten as 
(62) T1(a-c)—p(a-c). 

(60) and (62) impiy, respectively, 


(63) |(11-pJa-0 
(64) J11-pjJla-cJ-0, 


which are nothing but invariance postulates. When the condition in (63) is 


fulfilled, for (64) also to hold true, we may have 
(65) |11-p)J—0, that is 1i—p. 

If (63) is satisfied while p#11, we have from (63) and (64), 
(66) J11-pjJc—0. 

In this case, as a possibility, let us assume that 
(67) czya, 


where the scalar y<1i. If y-i1i, then c-a, which means that there isno 
surplus product and hence no surplus value. We know from what we said 
on page 13 that in this case p—lI1I also. Under these conditions, then, both 
63 and 64 will be satisfied. 
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Another possibility arises is x<i. If the consumption of capitalists is nil, 
(67) will impiy that a fixed proportion of each sector's output will be used 
for capital accumulation in physical terms. In other words, the sectoral 
makeup of a-cisthe same asthatofa. Thus, while there is capital 
accumulation, the sectoral structure does not change. The economy is on 
the balanced growth path. This conclusion is similar to that of Morishima 
(1974) summarized in eguations (32) and (33). 
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